LOGARITHMIC MEAN OSCILLATION ON THE 
POLYDISC, MULTI-PARAMETER PARAPRODUCTS AND 
ITERATED COMMUTATORS 



BENOIT F. SEHBA 

Abstract. We introduce another notion of bounded logarithmic mean 
oscillation in the iV-torus and give an equivalence definition in terms 
of boundedness of multi-parameter paraproducts from the dyadic little 
BMO, bmo d (T JV ) to the dyadic product BMO space BMO d (T JV ). We 
also obtain a sufficient condition for the boundedness of the iterated 
commutators from the subspace of bmo(R JV ) consisting of functions with 
support in [0, 1]^ to BMO(R JV ). 



1. Introduction 

Our first interest in this paper will be essentially for the boundedness of 
dyadic paraproducts from the dyadic little BMO(T 7V ), bmo d (T Ar ) of Cot- 
lar and Sadosky [5] to the dyadic product BMO(T JV ) of Chang and Fef- 
ferman @], BMO d (T JV ). We will focus on the so-called main paraproduct 
denoted below by II. We prove a characterization of boundedness of II from 
bmo rf (T Ar ) to BMO^T^) in terms of a new notion of logarithmic mean os- 
cillation in the polydisc. In the two-parameter case, this notion is in fact 
implicit in [15] and [18] . Some other notions of logarithmic mean oscillation 
were discussed in [15\ [TBI ITS] . The notion of logarithmic mean oscillation 
that we are considering in this paper is the natural one when the first space 
is the little space of functions of bounded mean oscillation, the target space 
being the product BMO. 

Our second interest is for the boundedness of the iterated commutators 
with the Hilbert transforms from bmo([0, 1]^) to BMO^). We prove that 
a sufficient condition for these commutators to be bounded is given by our 
notion of logarithmic oscillation adapted to R^. This last interest is in the 
scope of the works El [15] which can be seen as a motivation for this paper. 

Our presentation is close to the one of [15] . In the next section, we provide 
various definitions and notations, and we give the statement of the result for 
the main paraproduct. Section 3 is devoted to the proof of the boundedness 
of the main paraproduct from bmo rf (T Ar ) to BMO d (T Ar ). In section 4, we 
deal with the other paraproducts. The study of iterated commutators is in 
section 5 where for simplicity of the presentation, we will mainly discuss the 
two-parameter case. In the iV-parameter case, there is a family of operators 



2000 Mathematics Subject Classification. Primary: 42B30, 42B37 , Secondary: 42B20 

Key words and phrases. Paraproduct, Haar basis, bounded mean oscillation, logarith- 
mic mean oscillation, product domains. 

"This work was partially supported by the ANR project ANR-09-BLAN-0058-01". 

1 



2 



BENOIT F. SEHBA 



that does not appear in the two-parameter case. It is not necessary clear 
how the boundedness on the dyadic side of the commutators of dyadic shifts 
associated to these operators follows from the two-parameter results. For 
completeness, we take care of these questions in the last section. 



2. PRELIMINARIES AND MAIN RESULT 

As usual, T> will be the set of all dyadic intervals of the unit circle T 
that we identify with the interval [0,1). The set of all dyadic rectangles 
R = R x x • • • x R N , where Rj G V, j = 1, ■ ■ ■ , N is denoted K = V N . The 
Haar wavelet adapted to the dyadic interval / is given by 

hi = \I\- 1/2 (Xi + -Xi-), 

where / + and I~ are the right and left halves of /, respectively. 

The product Haar wavelet h R adapted to the rectangle R = R\ x • • • x 
Rn G is defined by h R {t\, • • • ,tjy) = hR 1 (t%) ■ ■ ■ 1ii n (Rn)- We denote by 
Lq(T n ) the subspace of L 2 (T N ) spanned by the Haar wavelets. 

L 2 (T N ) = j / € L 2 (T N ) :f=J2 (f^R)h R \ , 
I Ren ) 

The Haar coefficient (/, hn) will be quite often denoted fn or fsxT whenever 
R = S x T. The mean of / G L 2 (T N ) over the dyadic rectangle R is denoted 
m R f. 

The dyadic product Hardy space ^(T^) is defined by 

H l d (^ N ) = {/ € L l (T N ) : S[f] G L\T N )}, 
where S is the dyadic square function, 

\ReTl 1 1 / 

The dual space of the dyadic product Hardy space ^(T^) is the space of 
functions of dyadic bounded mean oscillations in T^, BMO d (T JV ) see e.g. 
[3], pQ) and it consists of all function / 6 Lq(T n ) such that 

( 2 ) II/ISmo- := SU P F)T E l^l 2 = SU P w\W\\l < oo, 

QCT N \ lL \ Ren nci N \ lL \ 

where the supremum is taken over all open sets f2 C and Pq is the 
orthogonal projection on the subspace spanned by Haar functions h R , R G 1Z 
and R C O. 

The little BMO of Cotlar and Sadosky is defined by 

(3) bmo(T w ) = {/GL 2 (T iV ):||/||, <oo}, 
where 

11/11*:= sup — / \f(s,t) -m R f\dsdt 

RCT N rectangle l^l JR 

with m R f = f R f(h, ■ ■ ■ ,t N )dti ■ ■ ■ dt N . 
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The dyadic bmo(T Ar ) denoted bmo d (T Ar ) is denned as above by taking 
the supremum only over dyadic rectangles. 

Let us introduce some further notions in the dyadic setting. For j = 
(ji) • • " ,3n) £ No x • • • x No = we define the ji-th generation of dyadic 
intervals and the j-th generation of dyadic rectangles as follows. 

V h = {I G V : \I\ = 2'i 1 }, 

K] = V jl x---xV jN = {I 1 x---xI N eK: \I k \ = 2~ jk }. 
We will be also using the following notations 

V K = Vx---xV (K-factors), K G N , 

for j G Nq, 

Vf = V h x---xV jK . 
The product Haar martingale differences are given by 



Eff = E ^ 



Rellj 

and the expectations are defined by 

E jf= E A nf, 

keN{f,k<J 

where we write k < j for ki < ji, I = 1, ■ ■ ■ , N and correspondingly k < j 
for h < j h for / G L 2 (T). 

If we care about the variable on which we are acting, then we need the 
following operators 

7 

keN Q xN , h<ji 

for / G L 2 (T). 

The following operators defined on L 2 (T N ) will be also needed 

( 4 ) Qjf = T, A kf- 

The operators are defined as for E-\ 

3 3 

For / a dyadic interval and e G {0, 1}, we define h\ by 
£ _ ( hi if e = 

\|/|-l/2|hj| if 6 = 1 

For R = Ri x ■ ■ ■ x Rjy G 1Z and e = (e\, • • • , en), with Ej G {0, 1}, we 
write 

h R (t) = h e l(h) • • • h%(t N ) t = (h, • • • ,t N ). 

Several operators appearing in Fourier analysis are related to the following 
family of operators 

(5) £-^(0, /) := E ^ 4></, h *) h i 

Ren 
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The paraproducts we are interested in here are of the above form. They 
correspond to the operators B^gs(<t>,-) with symbol <fi corresponding to 

triples (e, S, (3) such that e = (0, • • • ,0) and 



1 if Pj = 
otherwise. 



For simplicity, we denote these paraproducts by IT 3 . We will be using the 
notations 1 = (1, • • • , 1), = (0, • • • , 0). 

Let (f> G L 2 (T N ). The (main) paraproduct II^ is defined by 

IV = 11(0, /) := ( A j<t>)( E jf) = E h R^R m Rf 

JeN x---xN R&v ~ 

on functions with finite Haar expansion; it is just the paraproduct n^ 0, " ,0 ^ 
above. 

Next, we define the space of functions of dyadic logarithmic mean oscil- 
lation on the T N , LMO d (T Ar ). 

DEFINITION 2.1. Let <f> G L 2 (T N ). We say that <p G LMO d (T Ar ) ; if there 
exists C > with 

\\Qj c t > \\BMO d (T N ) - C T^N ■ \ , at- 

for all j = (Ji, ■ ■ ■ , j/y) G Nq . The infinimum of such constants is denoted 
h V IMIlmo*- 

The above space is bigger than the one introduced in [T5]. We have the 
following alternative characterization of our space. 

PROPOSITION 2.2. Let G L 2 (T N ). Then 4> G LMO d (T Ar ), if and only if 
there exists C > such that for each dyadic rectangle R = I\ x • • • x ijv and 
each open set fl C R, 

flog^ + .-.+logr^) 2 _ 

(6) v 1/11 u — E 



Qen,Qcn 



Proof Let (f> G LMO (T 2 ) in the sense of Definition EH let R = Ji X • • • X I N 
be a dyadic rectangle with \Lj\ = 2~ k J , j = 1, • • ■ ,N, and let ft C be open. 
Let k = (ki, • • • , k]\r). Then 

E i^i 2 = = ll^g^m < miiq^h 2 bmo « 

Qeii,Qcn 

£ |n| 5 + . + w » ~ ( los ilr + '" + '° 8 i^i)' 2 '"' W| ™°- 
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Conversely, suppose that <f> G L 2 (T N ) and that © holds. Let k = 
(fei, • • • , k 2 ) G N^, and let QCT N open. Then 



Ren 



1 ^ ,„ „, 1 



<c 5 V |i?noi = c 

(fci • • • + fcjv + Nf ^ (fci + ••• + % + iV) 

This holds for all S]CT W open, hence ||Q^|| B MO d ~ ( kl +-lk N +N) ■ U 

We would like to give another equivalent definition of our 
For this we introduce further definitions. 

Definition 2.3. Let § g L 2 (T Ar ), j g {l,--- ,iV}. We say toaf g 
LMO^T^), if there exists C > unto 

II^'ViIbmo^ < 

for all i G No. 

The infimum of such constants is denoted by || 0|| LMO d ■ 

It is not hard to see that 

(7) LMO d (T Ar ) = njLiLMOjQT*). 

One way to see this is by considering the following equivalent definition of 
LMO^T^). 

PROPOSITION 2.4. Let 4> G L 2 (T N ) and j = 1,2,- ■■ ,N. Then <p G 
LM.Oj(T N ), if and only if there exists C > such that for each dyadic 
rectangle R = I\ x • • • x J/v and each open set VL <Z R, 

(8) £ |0g| 2 <C7. 

Here is our main result that gives an equivalent definition of LMO rf (T Ar ) 
in terms of boundedness of the main paraproduct IT from bmo a! (T Ar ) to 
BMO d (T JV ). 

THEOREM 2.5. Zei G L^T^). Then <j> G LMO d (T Ar ), j/ and only if 
n : bmo d (T iV ) -> BMO d (T JV ) is bounded. Moreover, 

||n0||bmo-s>BMO ~ II^IIlMO'*- 

3. The main paraproduct 

The aim of this section is to prove Theorem 12.51 We start by introducing 
some further notations. Given an integrable function / on T N and rectangles 
Q C T^ 1 and S C T^ 2 N = Ni + N 2 , we write m Q f = jL J Q f(s,t)ds, 

m sf = ]J\Jjf(s,t)dt, s G T Nl ,t G T*& and, m R f = ^ f R f(s,t)dsdt = 

JW\ Jk/(*l> ' ' ' >*Jv)^*i • • • rf*JV, % G T, = 1, • • • ,N, R = Qx S. We remark 
that if Q is a rectangle in the iVi first variables, then mg/ is in fact a 
function of the last N — N\ variables. It is not hard to see that the space 
bmo rf (T 2 ) has the following property. 
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PROPOSITION 3.1. Let f G bmo(T 7V ). Then for any R G T K , N > K G 

No, ?ti_r/ G bmo(T w_K ) uniformly. Moreover, 

\\ m Rf \\brao{T N ~ K ) < ll/llbmo^)- 

Let us also observe the following. 

LEMMA 3.2. The following assertions hold. 

(1) Given an interval I in T, there is a function in BMO(T) ; denoted 
log/ such that 

— the restriction of log/ to I is log tjt . 

— | log/(s)| > log |jp for all s G T. 

— || log/ ||bmo < C where C is a constant that does not depend on 
I. 

(2) For any £ G BMO(T), j = !,■■■ ,N, the function b(t 1} ■ ■ ■ ,t N ) = 
^2f=ifj{tj) belongs to bmo(T N ). Moreover, 

N N 

II / ./jfeOllbmo < X] ll/illBMO(T)- 
3=1 3=1 

Proof. We refer to |18l Chapter 3] for the proof of (1). Assertion (2) follows 
directly from the definition of bmo(T 2 ). □ 

We will need the following. 

LEMMA 3.3. Let b G bmo d (T iv ) ) k G No, k = (k 1: --- , k N ) G N x • • • x N . 
Then 

\m JxR b\ <(k + l)||6|| bmod(TJV) (J G Pfc , R G V N ~ 1 ); 

WxixnbWl <(k + i)VII*III&IIL,'ct") ( J e v k,R g z?"" 1 ); 

(9) [|x*^r&ll! < l^imil^llbmo^) (R*T€Tl n ). 

Proof. Let S 1 = / x i?, |/| = 2~ fc . The one dimension estimate of the mean 
of a BMO d (T)-function and the properties of functions in bmo(T Ar ) give 
directly, 

\m s b\ = \mi{m R b)\ < (k + l)||m/ ? 6|| BMO(T) < (k + l)||&|| b mo d (T^)> 

giving the first inequality. 

For the second inequality, we observe that for R G T> N , the following 
identity holds: 

(10) XR b = P R b+ e sXR (s,t)msb(t) 

S a factor of R 

where Es = (— 1)^, K G No, S G V K . Here and below, we say S is factor 
of R = R x ■ ■ ■ R K , if S = R h ■ ■ ■ R jM , ji G {1, • • • ,K}, M < K. When 
M < K, we say S is a subfactor of R. Hence, 

\\XRbh < \\P R b(s,t)\\ 2 + ^ \\XR{s,t)m s b{t)\\ 2 + \\xR{s,t)m R b\\ 2 . 

S a subfactor of R 
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Thus, we only need to estimate the first and the last terms in the right 
hand side of the above inequality and the norm \\xsxQ(s,t)msb(t)\\2, with 
Q x S = R. Clearly \\P R b\\ 2 2 < |22|||&|£ MO<I < I^IIHlLo* and 

\\ XR m R b\\ 2 = \m R b\ 2 \R\<(k + l) 2 \R\\\b\\l mod 

by the first inequality in Lemma [3T3l To estimate \\xsxQ(s,t)msb(t)\\2, we 
suppose that S G V N ~ K and Q G V K . It follows that 

\\XSxQ(s,t)m s b(t)\\ 2 = \S\ l ' 2 \\ X Q{t)msb{t)\\ 2 

< ISI^IQI 1 / 2 (||m 5 &(*)[lw*(T*) + \m R b\] 

< |i?| 1/2 (fc + l)||6|| bmo[i(T2) 

by the first inequality and the fact that ||^S'&(*)llbmo d (T Jf ) < ll^llbmo d (T JV )- 

For the last inequality, we use an induction argument on the number of 
parameters N. Starting from N = 2, we first show that for I, J G D, we 
have 

(11) \\Xl(s)Pjb(sMl<\m\\b\\l mod{j2 y 

Using the decomposition (|l(jp above, we find that 

\\xi(s)Pjb(s,t)\\ 2 2 < \\Pubg + \\xi{s)Pj mi b{t)\\l 

We have already seen that ||Pfj6||| < \I\\J\ ll^llbmo <i (T 2 )' so we on ^ nave to 
take care of \\xi(s)Pjmib(t)\\ 2 - We clearly obtain 

Wxi^Pjmjbml = |I|||Pjm/&(*)||l < |/||J|||m 7 6|| BMOd(T) < |/||J|||6|| 

bmo d (T 2 )- 

Let us now suppose that the inequality holds in (N — l)-parameter and 
prove that this also holds in iV-parameter. From the identity (|1Q|) . we get 

\\XR(s,t)P T b(s,t,u)\\ 2 < ||PrxT&||2+ Yl \\XR(s,t)msP T b(t,u)\\2 + \\xR(s,t)m R P T b(u)\\2. 

S a subfactor of R. 

We first consider the term ||x_r(s, t)msPrb(t, u)\\2, we suppose that R = 
S x Q G V K , K = K x + K 2 < N, and S G V K \ It follows from our 
hypothesis that 



\XR(s,t)m s (P T b)(t,u)\\ 2 2 = \S\\\x Q (t)m s (P T b)(t, U )\\ 2 

\S\\Q\\T\\\m s b\\ 2 TN _ 



< 



*(T«-«i) 



~< \ R \\ T \\\b\\l mod(TNy 



Next we have 

\\XR{s,t)m R P T b(u)\\ 2 2 = \R\\\m R P T b(u)\\ 2 2 



< 



R \\ T \\\ m Rb\\ BMO d (T N-K) 

2 

bmo d (T N - K ) 



< \R\\T\\\m R b\\ 2 



< \ R \\ T W\b\\l mod(TNy 

Sharpness follows easily from the one-dimensional case, forming when 
needed an appropriate sum of BMO d (T) functions in different variables. □ 
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REMARK 3.4. From the first inequality in the above lemma, we obtain that 

\m R b\ <(k 1 + ... + k N + N) ||6|| bmod(TjV) (R G V N ) 

and this is sharp. The sharpness is obtained by testing with the function 

logieOi, — ,t N ) = log Rl (h) + --- + log RN (t N ) 

where for any interval I G T, the function log/ is given in Lemma VJ.°A 

Next, for k,l G N and b G L 2 {T N ), we consider on L 2 (T 2 ) the operator 
U b E® =Yl{b,E < f ) ■) given by 

IL b E® f = IL(b,E®f), f G L 2 (T 2 ). 
The next lemma is proved in [15]. 
LEMMA 3.5. Let b G L 2 (T 2 ) and let k,l G N . Then 

ll n fe^ ) ||L2^L2 = ||n (0,||l 2 ^L 2 , 
°fc " 

where for R = ]jf =1 Rj = Ri x S G V N , 

b R if \Ri\ > 2- k 

(4°% = { (E R[QRl \b R[ ,s?) 1/2 *f \Ri\ = 2- fc 

otherwise. 

The following lemma is the bedrock of our proof. 

LEMMA 3.6. Let <\> G BMO^T^), b G bmo d (T JV ), and k,j G N . Then 

||n (n(</>, b),E^ •) || L2 _ i2 < (k + 1) [MIbmo- [|&[| w». 

Proof. Following Lemma[23J we have to estimate the BMO norm ofaj^IL^ 
ili{4>,b)). Without loss of generality, we can suppose that j = 1. For 
simplicity, we remove the supscript (1) and write E k ,Qk and o~ k for E^\ 
Q} and o~ |^ respectively. Clearly 

cr fc (n^6) = a k (E k Il^b) + o- k (Q k ^b) = 1 + 11. 

Let us start with term I. For any open set C T , 

-Up^il^i 2 = JL \M 2 \m R b\ 2 

R=R 1 x---xR N ,\R 1 \>2~ k ,Rcn 

s [± if E itei 2 ii"iiL^ 

R. 1 x---xR N ,\R 1 \>2- k ,Rcn 

< (k + ifmi MOd \\b\\ 2 hmod 

with the help of Lemma 13.31 at the second inequality. 

To deal with term II, we observe that a k (Q^H^b) has only nontrivial 
Haar coefficient for R G 1Z, with = 2~ k . Hence, it is enough to check 
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the BMO norm on rectangles of this type. 

,L / \P R a k (Q k U^b)\ 2 dsdt < t^J2 l&?lVs&| 2 

> \ J R II cr - D 



SCR 

1 



2 



£ j^ll^liWllx^lll 
< (k + mKuo^Lo* 

where we used Lemma 13.31 at the last inequality. □ 
We deduce the following from Definition 12. l\ the equality (J7D and, Lemma 



LEMMA 3.7. Let <j> G LMO d (T Ar ) ; b G bmo^T^) and j, k, I G N . T/ien 

||n(n(of0,6),^ •) || i2 _ >i2 <^±I||0|| LMOd || & || bmod . 

Proof of Theorem \2.b\ . We begin by proving necessity. Suppose that 
n : bmo d (T 2 ) BMO d (T 2 ) is bounded. Let R = Rx x • • • x R N be a 
given dyadic rectangle, and let Vt C i? be open. We take as test function, 
b(ti, •••,%) = log i j(ti, •••,%) = £\ =1 log Rj (ij), where for an interval /, 



the function log/(x) is given in Lemma 13.21 Then 

(Ef=iiogp^ v ^ | 2 _^ i 



l^l 2 « ktt E ItolWl 1 



101 ^ IY ^' 101 

1 1 Qeii,Qcn 1 1 Qen,Qcn 

< lin^ii 2 



<T /- — ' 2 1 1 T — r 1 1 2 

- H 11< / , Hbmo d ->BMO d- 



Thus (j) £ LMO (T ) by Proposition 12.21 with the appropriate norm esti- 
mate. 

To prove sufficiency of the LMO d condition for boundedness of the para- 
product from bmo d (T iV ) to BMO d (T Ar ), we recall that G LMO d (T iV ) 
implies that 4> G LMO$(J N ), j = l,-- ,N. Let G LMO d (T 7V ) and 
6 G bmo rf (T Ar ). We recall that the following estimate holds 

H n <A h llBMO d ~ H n n(<M)llL 2 ^L 2 = ll n ( n (^' fo )'") Hl 2 ->L 2 - 

Motivated by the equality ([7]) and Lemma 13.61 we would like to apply Cot- 
lax 's Lemma in one direction (parameter). 
For N G No, let 

2 jv+i_ 2 

(12) '= 2 "-' 

OO 
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and 

t n = n n((M )P7v = n (u(<p, b),p N •) . 

Our operator can be written now 11(11(0, 6),-) = Y1n=oTn- Following 
exactly [15] with the help of Lemma 13.61 as T^T^, = for N ^ N', we 
obtain that 

||r^||<2-i^'i||0||^ MOf ||5||^ mod . 

Thus, by applying Cotlar's Lemma, we obtain that T = 11(11(0, 6), ■) is 
bounded, and there exists an absolute constant C > with 

||n(n(0,6),-)||<c||0|| LMOd ||6|| bniod . 

Consequently, 

l|n(0,fc)|| 

BMO 

□ 

4. The other paraproducts 

The other paraproducts correspond to (3 = 1 = (1, • ■ ■ ,1) and f3 / 0,1. 
The first one is the adjoint of II = IT , it is defined on L 2 (T N ) by 

n r (0, /) = A<f,f = A(0, f)=J2 wfaf*' 

Ren ' ' 

then there are the mixed paraproducts given by the following general form 

R=QxSe1l 

where Rj = Qj if f3j = 1 and Rj = Sj if f3j =0. Let us introduce some 
further definitions and notations. 

Definition 4.1. Let <p e L 2 (Y N ), 5 = {8 X ,--- ,8 N ), 6j e {0,1}. Then 
4> £ LMO^T^), if and only if there exists C > such that for each dyadic 
rectangle R = R\ x R2 x • • • x Rn £ T) N and each open set Q C R, 



(log( 



log( 



where 



Rs n 



Q£Tl,QCtt 



Rj if 5j 
T otherwise. 



When 6 = = (0, • • ■ ,0), LMO^T^) = LMO d (T iV ). One easily sees that 

for 5 = (1, • • ■ ,1) = 1, the corresponding space is just the space BMO d (T Ar ). 
We observe that 

N 

LMO^T^) = p| LMOj(T^). 

j=l,<5 J= 

Our main result in this section is the following. 
THEOREM 4.2. Let G L^T 1 *), (3 = (fix, ■ ■ ■ ,fi n ), £ {0, 1}. Then 
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(1) rK 1 '-' 1 ) = : BMO d (T Af ) -> BMO d (T Ar ) is bounded, if and only if 
<f> G BMO d (T Ar ). Moreover, 

ll^</>llBMO d -+BMO d ~ II^IIbMC 1 - 

(2) For ± (0, • • • ,0),(1,-- - ,1), 

IlJ : bmo d (T 7V ) BMO d (T Ar ) is bounded if <p G LMO^T^). More- 
over, 

ll n < ? !, llbmo d (T JV )-+BMO d (T JV ) ~ IHIlMO|- 

(1) is from pQ. The proof of (2) requires the following lemma. 

LEMMA 4.3. Let <p G BMO d (T Ar ), b G bmo d (T JV ), and j, fc G N, /3 / 0,1, 
with (3j = 1. Then 



n (nW(^b),E^- )\\ L 2^ L 2<(k + i 



BMO d ll"llbmo d - 

Proof. We can suppose that j = 1 and write £7 for E^ 1 ), and a for crW. We 
have to estimate 

IK(n%>,&))[| BMOd < ||<7A(n^(E J fc0,6))|| BMO „ + ||(7 fc (n^(Q fc J 6))|| BMO<I . 

We start with the second term. Since H 13 (Q k cj),b) has no nontrivial Haar 
terms in the first variable for rectangle R with \Ri\ > 2~ fc , 

akQitiQkM) =E E E I^tq|Vs;tMY /2 |^), 

Q S=SixT,|Si|=2-* S^CSi 

It comes that instead of considering general open sets, one only has to con- 
sider rectangles of the form R = Q x S, with \S\\ = 2~ k , Q G V K . Hence, 

\\PR<r k (n (QkM)\\l = \\P R cr k (jiP{p R Q k ^b))\\l 

< \\u k {^{P R Q k ^b))\\l 

< \\n$(p R Q k <j>,b)\\ 2 2 

= II E E h S'^T^ t ) ( t ) S'Q'ms'bQ l \\l 



< 



< 



Q'CQS'CS 

E I' E T§\( t ) ( t ) S'Q'ms'b QI \\l 
S'CS Q'CQ W 1 

E \\^PQ4> s > m S' h \\l 
S'CS 

E \\ P Q^s>\\ 2 2\\ms>b\\ 2 BMOd{jK) 

S'CS 

n & nLo d (T-) E wpqMI 

S'CS 



lbmo d (T^)H J '^""ll! 



!;.\i<) d ll^llbmo d ' 



< \R\U\\"Ab\\' 



12 



BENOIT F. SEHBA 



Let us go back to the first term \\akiH 13 (Ek4>,b))\\ BMO d. Let C T 2 be 
open, R = Q x S, Q G V K . J s = U ge2? K QxS cuQ S G X>*-* Then 

||p n (^(n%>,&))) ||| = ||Pna fc (n^(p^^,6))||| 

< ||<7 fc (n^(P n -B*0,6))||2 = 11^(^*0,6)111 

= II X] X] M^tSW^sq^s 

5ef Ar - A ',|5i|>2- fe Qev K :SxQcn 

E ii E ^fe^M 2 

E ll A m s 6P7 s 05||| 

5G© Ar - A ',|5i|>2- fc 

£ E IMSmo-H^^III 

£ ihiLc E ii^siil 

< HfelOllWl^ 

< ll fe llbmo rf l^llBMO d l l 



□ 



As in the last section, we immediately deduce that 



j Y,"J^k J WIS-tL* jqjj imiLMO?ll"llbmo 

k + 1 



< yqr[ll9 ) llLMo<|ll f, llbmo<*- 

The remainder of the proof of (2) is now exactly analogous to the proof 

of Therein 1231 defining T N = n(IT%, •), Pv), where P N = ES^i A P> 
and using Cotlar's Lemma in one parameter. 

5. Commutators and dyadic shifts 

In this section, for convenience, we restrict ourselves to the two-parameter 
case. Our interest here is for the iterated commutators with the Hilbert 
transforms. We would like to mention some facts that can also be seen as 
a motivation of this paper. We will be writing H\ and H2 for the Hilbert 
transform in the first and second variables respectively. The first fact is a 
result of Ferguson-Lacey-Sadosky. 

THEOREM 5.1 (|3l El E|). Let b G BMO(R 2 ). Then 

[ffi,[ff 2 ,0] :L 2 (R 2 ) ^L 2 (R 2 ) 

is bounded, and \\ [H 1} [H 2 , (j)}} ~ IHIbmo- 

From this result arises the question of the boundedness of iterated com- 
mutators on the endpoints. Our second fact then is the observation that the 
commutator [6, H] is not in general bounded on i7 1 (lR) for b G BMO(K) (see 
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[9]). It comes that if we are really considering the boundedness of these com- 
mutators on the endpoints (H 1 and BMO), then we are only allowed to deal 
with functions with compact support. This is the idea in [15] from which 
comes our third fact that will be given after introducing several definitions 
and notations. 
Let 

(13) BMO([0, l] 2 ) := {/ G BMO(M 2 ) : supp/ C [0, l] 2 }. 

and 

BMO d ([0, l] 2 ) = {/ G BMO d (M 2 ) : supp/ C [0, l] 2 }. 

We say that / G LMO d ([0, l] 2 ), if / G BMO d ([0, l] 2 ) and there exists C > 
with 

HQjfc/llBMO^) < C ( fcl+ fc 2 + 2 ) fOT ^ = G N X N . 

The spaces LMO|([0, l] 2 ) are defined correspondingly. We also recall the 

notion of logarithmic mean oscillation introduced in [15] . We say that / G 
£MO d {[0, l] 2 ), if / G BMO d ([0, l] 2 ) and there exists C > with 

11%/Hbmo^) < C (fcl + 1) 1 (A . 2 + 1) for k = (ki,k 2 ) G N x N . 

We next recall the relation between various spaces and their dyadic coun- 
terparts. Given a = (aj)jgz G {0, 1} Z and r G [1,2), we denote by 
j)a,r _ r pa the dilated and translated standard dyadic grid T> of R in the 
sense of [8|. For a = (a 1 , a 2 ) G {0, 1} Z x {0, 1} Z and f = (n,r 2 ) G [1,2) 2 , 
we define V a,r to be the dilated and translated product dyadic grid in M 2 . 
This means that Q = Q 1 x Q 2 G if Qi G n£> al and Q 2 G r 2 £> a2 . 

Following |14j . |20| . we have the following relations between the strong 
notions of bounded mean oscillation and their dyadic versions. 

BMOQR 2 ) = p| BMO d '^(M 2 ) 

ae{0,l} z x{0,l} z ,r*e[l,2) 2 

f] BUO d ' S ' r "°(R 2 ) for any f G [0, l) 2 , 

a€{0,l} z x{0,l} z 

bmo(M 2 ) = P bmo^IR 2 ) 

ae{0,l} z x{0,l} z ,re[l,2) 2 

P bmo d '^>(IR 2 ) for any r G [0, l) 2 , 

oe{o,i} z x{o,i} z 

where BMO^'^R 2 ) and bmo^'^R 2 ) are the dyadic (with respect to the 
product dyadic grid T> a,r ) BMO(R 2 ) and bmo(IR 2 ) respectively. One also 
obtains that 

BMO([0,1] 2 )= P BMO d '^([0,l] 2 ) 

aG{0,l} z x{0,l} z /e[l,2) 2 

and 

bmo([0,l] 2 )= P bmo d '^([0,l] 2 ). 

ae{0,l} z x{0,l} z ,re[l,2) 2 
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For the purpose of our last fact, we introduce the space £A4O([0, l] 2 ). 

Definition 5.2. Let f g L 2 (R 2 ). We say that f g £MO([0, l] 2 ) if 
supp/ C [0, 1] 2 ; and there exists a constant C > swc/t i/iai for any a G 
8x1, rG [1,2) 2 ; andj = {j 1 ,j 2 )e N x N , 

IIQf r /ll B M(y.^([o,i] a ) - C ( J1 + i)( j2 + i)- 

Here, Q?' r denotes the projection as in but relative to the dyadic grid 
V d > ? ; that is 

Qff(s,t) = Yl (f,h^hT r2 )h?' ri (s)hf> r2 (t), 

ri|/|<2-»,r 2 |J]<2-J2 

where /i" i,n is the Haar wavelet adapted to I G r{D ai , I = 1,2. 

Our last fact is the following pretty recent result by S. Pott and the author 

[US- 
THEOREM 5.3. Ze£ € £A^O([0, l] 2 ). TTten 

[H 2 ,<f>]] : BMO([0, l] 2 ) -> BMO(R 2 ), 

is bounded, and \\ [Hi, [H 2 , (/)}] ||bmo([o,i] 2 )^bmo(k 2 ) ^ WfiWcMOdo^) ■ 

We aim to replace in the last theorem, the space BMO([0, l] 2 ) by bmo([0, l] 2 ), 
keeping BMO(R 2 ) as the target space. For this we will need to introduce 
the right concept of logarithmic mean oscillation here. 

DEFINITION 5.4. Let f G L 2 (R 2 ). We say that f G LMO([0,1] 2 ) if 
supp/ C [0, l] 2 , and there exists a constant C > such that for any 
a G R x M, f G [1,2) 2 , and] = (ji,j 2 ) G N x N , 

llQf VIIbmo^qo,!] 3 ) < c (j 1+ j 2 + 2 y 

We do the following observations. First LMO([0, l] 2 ) continuously embeds 
into BMO([0, l] 2 ). Second, if we denote by LMO d ' 5 ' F ([0, l] 2 ) the subset of 
BMO d,5,f? ([0, l] 2 ) of functions / such that there exists C > with 

ll<9j 7II B mo^([o,i]2) ^ C (j 1+ ] 2 + 2 ) for any ^ G N ° x N °' 

then 

LMO([0,1] 2 )= p| LMO w ([0,1] 2 ). 

ae{0,l} z x{0,l} z ,re[l,2) 2 

LMOi([0, l] 2 ) and LMO2([0, l] 2 ) along with their dyadic counterparts are 
defined analogously. We are ready to give our main result of this section. 

THEOREM 5.5. Let 4> G LMO([0, l] 2 ). Then 

[Hi, [H 2 , <f>]] : bmo([0, l] 2 ) -»■ BMO(R 2 ), 

is bounded, and \\ [Hi, [H 2 , 4>]] ||bmo([o,i] 2 )->BMO(R 2 ) ^ II^IIlmo([o,i] 2 ) • 
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Before proving Theorem 15.51 let us start by considering its dyadic conter- 
part. We introduce the dyadic shift operators S d,a,r , a G {0, 1} Z , r G [1, 2). 
These are the bounded linear operators S d,a ' r : L 2 (M) — > L 2 (K) defined by 
S d,a ' r hj = hj+ — hj-, I G T> a,r . For simplicity, we restrict to the stan- 
dard dyadic grid and write = 5® 1, = 1 S, as operators on 
L 2 (M 2 ) = L 2 (R) <g> L 2 (R). The corresponding dyadic version of the above 
theorem is the following. 

THEOREM 5.6. Let (f) G LMO d ([0, l] 2 ). Then 

[S^,[S (2 \^]} : bmo d ([0, l] 2 ) ->■ BMO d (M 2 ) 

is bounded, and ||[5( 1 M5 (2) ^]]ll b mo d ([o,i]2)^BMO d (R2) < IHlLMO d ([0,i] 2 )- 

Proof. Let us follow the ideas of [T51[TS] . First, we decompose the multiplica- 
tion operator by 4> into nine parts: IL^, A^, n^ 0,1 ^, IT^ 1 ' ^, -Ra<£> Rucj>, A^, 
^R(j,i Rr<p-, corresponding to the matrix elements (M ( j ) hi(s)hj(t) , hp (s)hji (t)} 
for I' C I, I' = I, V C I, I' D I, J' C J, J' = J, J' D J. Let us point out 
the symmetric pairs (Ra,^r), (-RitILr), where 

RR^,b(s,t) = ^2 b iJ m u((l>) h i(s)hj{t), 
I, J 

n^6(s,t) = ^2mj((f)i)mi(bj)hi(s)hj(t) 
i, J 

and 

A R ^b(s,t) = Y,mj^i)h,jh I {s)h 2 j{t). 
i, j 

The following was already proved in [15j . 
LEMMA 5.7. Let <p G L 2 (R 2 ). Then the following estimates hold. 

(14) \\[S^ l \ [5 ,(2) ,-R^]]|| B MO d ([0,l] 2 )-)-BMO ci (K 2 ) - 2 IHlBMO d eci ([0,l] 2 )' 

(15) || [S^,[S^ 

> ^iJ</>]]|lBMO d ([0,l] 2 )^BMO d (M 2 ) ~ IHlBMO d ([0,l] 2 )> 

(16) ||[5' (1) , [5' (2) ,E[j ? ^]]|| BMO d( [0)1 ]2)_ > .BMO d (K 2 ) ~ IHlLMO?ao,l] 2 )' 

Swapping variables yields 

(17) \\[S l , [5 ,(2) ,^A0]]|| B MO d ([O,l] 2 )^BMO d (IR2) i$ ll<AllBMO d ([0,l] 2 ) 

and 

(18) ||[S« [S( 2 UnJ]|| 

BMO d ([0,l] 2 )->BMO d (R 2 ) ~ IMIlMO^([0,1] 2 )- 

It comes that as SM and M 2 ) are bounded on BMO d (M 2 ), it only remains 
to prove that for 4> G LMO d ([0, l] 2 ), the operators n , A^, itf ' 1 ^, nt 1 ' ^ 
are bounded from bmo d ([0, l] 2 ) to BMO^R 2 ). Again, we already have from 
[15] that 

LEMMA 5.8. Let 4> G Lg([0, l] 2 ). T/ien 



16 BENOIT F. SEHBA 



(1) nj' 1 ) = A<£ : BMO d ([0, l] 2 ) -»• BMO d (M 2 ) is bounded, if and only if 
(f> G BMO d ([0, l] 2 ). Moreover, 
II A, 



VllBMO d ([0,l] 2 )->BMO d (R 2 ) ~ H ( ? ; llBMO' i ([0,l] 2 )- 

(2) nj, 1 '^ : BMO d ([0, l] 2 ) -> BMO d (]R 2 ) is bounded if<f> G LMOf ([0, l] 2 ). 
Moreover, 

11^0 ' ' > llBMO d ([0,l] 2 )^BMO d (R 2 ) ~ IHIlMO?([0,1])' 

(3) : BMO d ([0, l] 2 ) -> BMO d (M 2 ) is bounded if <\> G LMO^([0, l] 2 ). 
Moreover, 

T C0, 1> . . _ _ < n ,,|2 



llBMO d ([0,l] 2 )^BMO ti (R 2 ) ~ ll^llLMO|([0,l])' 

Hence to finish the proof, we prove the following. 

THEOREM 5.9. Let <f> G L 2 ([0, l] 2 ). Then Ilf 0) = : bmo d ([0, l] 2 ) 
BMO d (IR 2 ) is bounded, if and only if <j) G LMO d ([0, l] 2 ). Moreover, 



ll n </-llBMO d ([0,l] 2 )->BMO d (M 2 ) ~ ll^llLMO d ([0,l] 2 ) - 

Proof. An important ingredient of the proof is a local version of assertion 
(1) in Lemma 13.31 For a bounded (not necessarily dyadic) interval I C R, 
we define s(I) as follows 

'logl-Tl^ 1 + 1 for |/| < 1 
1 for III > 1. 



s(I) 



For any b G bmo([0, l] 2 ) and each rectangle R = I x J C M. 2 , as mjb is 
uniformly in BMO([0, 1]), we get from the one parameter estimate of the 
mean of a function of bounded mean oscillation (see [15]) the following 
estimate. 

(19) \m R b\ = \mi(mjb)\ < ||m j6|| bmo(M) < s(I)||o||bmo(R 2 )- 

Recall that we are looking to prove that given 4> G LMO d ([0, l] 2 ), b G 
BMO d ([0, l] 2 ) and / G L 2 (R 2 ), the function n (11(0, b), f) belongs to L 2 (M 2 ). 

We denote by the standard system of dyadic intervals in M. The 

Haar basis of L 2 (R 2 ) is (hi ® /ij)/,Jex>(R) = (^ii)iiex>(K) xX>(R) • We have the 
following decomposition 

oo oo 

/= E E ty. 

ji=-oo j 2 =-oo 

with 

Ay/ = £ hi(s)hj(t)(f,hi®hj) 

|/|=2-n,|J|=2-J2 

= ^ h R (f,h R ) 

ReV jl (R)xVj 2 (R) 

ii,j2 G z. 

Let T := II (11(0, 6), •)• Then T decomposes as follows 

T = p (o,i) 2 T + -P(o,i)x(o,i) c71 + -P(0,l) c x(0,l)^ + -P(0,l) c x(0,l) c ^ 



LOGARITHMIC MEAN OSCILLATION ON THE POLYDISC AND PARAPRODUCTS 17 

where 

oo oo 

^(0,1) x (0,1) = EE A J' 

jl=0j2=0 

oo —1 

^(0,l)x(0,l) c = E E A i' 
ji=0 j 2 =-oo 

— 1 oo 

^(0,l) c x(0,l) = E E A i' 

jl = — OO j'2=0 
-1 -1 

^(o,i) c x(o,i) c = E E A j 

Jl=— OO j'2 = — OO 

(see [E]). 

Let us prove that each of the term in the right hand side of the above 
identity is bounded on L 2 (M 2 ). We start with the last term. We observe 
that as 

p (o,i)°x(o,i)<= n (II(<£,6),0 =n(n(P (O)1) c x ( O)1 )o0,6) ! -) , 

we only have to prove that given 4> e LMO d ([0,l] 2 ) and b G bmo d ([0, l] 2 ), 
i3 (o,i) c x(o,i) cII (^' & ) belongs to BMO d (M 2 ). Observing with flUD that for 
R = I x J £ 1Z with |/|, | J| > 1, \mnb\ < ||&||bmo? one obtains directly that 
for any open set SJcK 2 , 

\\ p si (- p (o,i) c x(o,i) cII ( ( ? i ' 6 )) Hi ^ ll-Pn^llill^ll bmo ' 

which proves that this term is bounded on L 2 (M 2 ). 
For / e L 2 (M 2 ), that 

p (0jl)2 n (n(</», b), f) = n (n(p {0)1)2 <£, 6), /) 

is in L 2 (IR 2 ) is obtained exactly as in the proof of Theorem 12. b\ with the 
help of the growth estimate (|19|) . 

The second and third terms are symmetric, hence we only prove the 
boundedness of the second one. For this, we observe that as 

-P(o,i)x(o,i) cn ( n (<^ b )> = n (n^cuMOT)^' b), •) , 

it is enough to prove that n(P( O) i)x(o,i)°0) b) G BM0(1R 2 ). The estimate ([19]) 
tells us that for R = I x J with |J| > 1, |m^6| < ||6||bmo- Hence, for any 
open set llGl 2 , 

ll-Fh (^(o,i)x(o,i) cn (^' 6 )) III ^ ll-Pn^Hill&ll bmo > 

which proves that this term is also bounded on L 2 (M. 2 ). The proof is com- 
plete. 

□ 
□ 

We finish this section with the proof of Theorem 15.51 
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Proof of Theorem 15.51 The proof follows exactly as in [15] for the case of 
[[H 2 ,b],Hx] : BMO([0, l] 2 ) -> BMO(IR 2 ); we give it here for completeness. 
We use the fact that the Hilbert transform can be represented as averages 
of dyadic shifts (see [131 EJ)- This allows us to write for b G bmo([0, l] 2 ) and 
4> G LMO([0, 1] ), 



[H 1 ,[H 2 ,4>]]b = ^ f f I [ [^M^^p^o 1 )^ dM« 2 )— 

7T Jl Jl J{0,1} Z i{0,l} z r l r 2 

(see [8]). Next, we recall that for b G bmo([0, l] 2 ) and <f> G LMO([0, l] 2 ), we 
have b E bmo d '^([0, l] 2 ), and G LMO d > S ' r ([0, l] 2 ) for each a = (a 1 , a 2 ) G 
{0, 1} Z x {0, 1} Z and r = (^1,^2) G [1,2) 2 with uniformly bounded norm. It 
follows from Theorem [5J3] that there exists a constant C > such that 



\[S a '^AMbmo^ < Cll^llbmoll^llLMO for all (a\a 2 ,n,r 2 ). 
Hence, using [201 Remark 0.5], we obtain 

^ f F f I [S al ' n , [5 aV2 l9 i]] M^a 1 )- rf/i(Q 2 )- G BMO(R 2 ) 

Jl Jl J{0,1F ^{0,1} Z r l r 2 

with norm controlled by 1 1 & 1 1 bmo 1 1 ^> 1 1 LMO - The proof is complete. □ 



6. Appendix 

In the last section, the expansion of the multiplication of two functions 
in the Haar basis led to nine operators. In iV-parameter {N > 2), there 
are terms in this expansion that have nothing to do with the terms in the 
two-parameter situation. More precisions are given in this section on how 
to handle these other terms. More precisely, we intend to prove that the 
iterated commutators with the shift operators of these terms and some oth- 
ers are bounded from bmo a! ([0, 1]^) to BMO(M JV ). These other terms or 
operators with symbol <f> have the following general representation. 

For a partition J = («7i,J2, ^3) of {1,...,N} into disjoint sets, write 
\J X \ = Ni, \J 2 \ = N 2 , and \J 3 \ = N 3 so that = T^ 1 x T^ 2 x T^ 3 , 
t = (fj x ,tj 2 ,tj 3 ) G T^. The remaining operators take the following form 



(20) njb = Yl h R {tj 1 )^^hT{tj 3 )mT4>SxRrn R bs xT , 

RCT N l,SCT N 2 ,TCT N 3 

with Jx, J% 7^ 7^ J3. Let prove the following result. 

LEMMA 6.1. Let J be a partition of {1,- • • ,N} as above. If<f) G BMO d ([0, 1]^), 
then [[[5^,n|i,---],5W] is bounded from BMO d ([0, 1]^) to BMOQR^). 
Moreover, 

II [[[5'^ iV ' ) 5 n^], • • • ], S^] |lBMO d ^BMO d ~ II'^IIbMO'*- 

Proof. Recall that the shifts are all bounded on BMO d (lR Ar ), and that 
n^6= ^ h R (t. h ) XS ^^ h T (tj 3 )m T (j)sxRm R b Sx T- 

RCT N l ,SCT N 2 ,TCT N 3 
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We can without loss of generality suppose that Q = R x T is a rectangle in 
the K = N\ + N3 first variables, Q = Q\ X • • • x Qk- It comes that we only 
have to prove that [[[S^ K \uj], ■ ■ ■}, S^] is bounded from BMO d ([0, l] N ) 
to BMO(M^). Following the ideas in two-parameter of the boundedness of 
[5( 2 ) , -RaJ {Raj, is given in the previous section) in [15], we obtain that 

K h -{t 3 )-h Q +(t 3 ) 



[[[S^\A^...},S^}b(s,t) = ^ bggfoqfrlOOlI in. 11/2 



S,Q=RxT j=l 
I \N!+N 2 

zvz / S,Q=RxT 

Hv i?n 107-1 i<?n + ion . 

Ai(6)( S ,t), 



2^/2 



where 



N1+N3 

b(s,t)= Yl b SQhs(s) J] {h Q7+ {t)-h QJ -(t j )-h Q ++(t j )+h Q +-(t j )) 

S,Q=RxT j=l 

and 

0= Y ^SQhs(s) Yl (. h QT+( t j)- h QT-(tj)- h Q++(tj)+ h Q+-( t j))- 

S,Q=RxT j=l 

The lemma follows from the boundedness of the operator A on BMO d (M Ar ) 
by observing that both b and (f> are in 
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